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Transitional and turbulent supersonic wakes behind axisymmetric bodies with a blunt base are investigated

numerically using state-of-the-art Reynolds averaged Navier–Stokes models and the flow simulation methodology.

The centerpiece of the flow simulation methodology is a strategy to provide the proper amount of modeling of the

subgrid scales. This is accomplished by a “contribution function” which locally and instantaneously compares the

smallest relevant scales to the local grid size. The turbulence closures chosen are a state-of-the-art wall-distance free

explicit algebraic stress model, or a standardK–�model for comparison. Axisymmetric Reynolds averaged Navier–

Stokes and fully three-dimensional flow simulation methodology calculations are performed on various

computational grids for wakes at M� 2:46 for several Reynolds numbers. The data obtained from all simulation

strategies are compared with available direct numerical simulation results for the transitional cases and to

experimental results at the highest Reynolds number investigated. Of particular interest is the performance of

commonly used compressibility corrections and modifications to closure-coefficients specifically derived for high-

Reynolds number flows. The ability of the flow simulation methodology to reproduce flow structures found in direct

numerical simulations is scrutinized and a reason for the failure of Reynolds averagedNavier–Stokes calculations to

correctly predict the base pressure-distribution is given.

Nomenclature

a, c, C = constants
cp = pressure coefficient
cT = constant for wall-damping function
cv = specific heat
dt = computational time step
E = total energy, cvT � 1

2
uiui

f��=LK� = contribution function
f�2, f� = wall-damping functions
K = turbulent kinetic energy
k = azimuthal Fourier mode number
LK = Kolmogorov length scale
M, MT = Mach number, turbulent Mach number
N = wall distance
nr = number of radial grid points
nz = number of streamwise grid points
Pr, PrT = Prandtl number, turbulent Prandtl number
p = pressure
p, q, r, � = coefficients for EASM�

qk, Qk = heat-flux vector, turbulent heat-flux vector
Re, ReT = Reynolds number, turbulent Reynolds number
Sik = strain-rate tensor
T = temperature
t = time
u, v, w = velocity components in the streamwise, radial, and

azimuthal direction
hu0

iu
0
ki = turbulent stress tensor

Wik = vorticity tensor
xk = coordinate
z, r, � = streamwise, radial, and azimuthal coordinate

� = parameter in contribution function
� = ratio of specific heats
�� = coefficients for EASM�

� = computational grid size
�ik = Kronecker operator
� = turbulent dissipation rate
�, �T = molecular, turbulent viscosity
	T = turbulent kinematic viscosity
� = source term

�, 
K , 
� = constants for turbulent transport equations
�ik = molecular stress tensor
�T = turbulent time scale, K=�

Subscripts

c = base corner
D = quantity based on diameter of cylinder
� = transport equation for turbulent dissipation rate
i, j, k, l = indices for Cartesian tensor notation
K = transport equation for turbulent kinetic energy
max = maximum of referring quantity
T = turbulent

Superscripts

R = quantity obtained from RANS closure
� = Reynolds average
0 = fluctuation quantities for Reynolds average
� = Favre average, filtered variable
00 = fluctuation quantities for Favre average
� = quantity for EASM�

� = wall coordinates

I. Introduction

V ARIOUS axisymmetric bodies at supersonic speeds, such as
missiles, rockets, or projectiles, present a blunt base to the flow.

A recirculation region forms behind the base of the body that is
responsible for a low base pressure, thus causing aerodynamic drag
(base drag). In-flight base pressure measurements with projectiles
(U.S. Army 549 projectile) have shown that the base drag may
account for up to 35% of the total drag [1]. The total drag determines
the range, terminal velocity, or the payload of the object, thus playing
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a crucial role in the design process. Because of the large contribution
of the base drag to the overall drag, bluff bodies in supersonic flow
have been the target of many previous research efforts, both
experimental and computational.

Extensive experimental investigations of supersonic axisymmet-
ric base flows have been performed at the University of Illinois at
Urbana–Champaign (UIUC) [2,3]. Planar visualizations [4] revealed
that large-scale structures are present in the flow which may have a
significant impact on the mean flow and, hence, the mean base
pressure. Even though large structures were shown to exist, their
origin and impact on the mean flow was far from understood. How-
ever, considering that a drag reduction was achieved by reducing the
intensity of turbulent structures [5], it seems that the key to
uncovering the essential mechanisms for drag reduction is to first
understand the role of large structures. Only then can it be determined
how the dynamics of these structures is modified by techniques for
drag reduction. Unfortunately the high speeds of the flows make it
very difficult to experimentally acquire time dependent data with the
necessary temporal resolution to track individual structures and get
clues about their origin and evolution. Therefore, complementary
numerical simulations might offer valuable insights into the physical
mechanisms relevant in the near-wake region. Direct numerical
simulations (DNS) of transitional wakes confirmed the occurrence
of large-scale structures with a pronounced effect on the base drag
[6]. However, DNS of wakes at Reynolds numbers on the order of
O�106�, as in the experiments at UIUC, with sufficient resolution
in all three dimensions and in time are out of reach even with
present supercomputers. Even fully resolved DNS of transitional
wakes [6,7] are computationally very expensive. Therefore, other
approaches for computing such flows have to be considered, such as
Reynolds averagedNavier–Stokes equations (RANS) and large eddy
simulation (LES).

Because of much less restricting resolution requirements in
comparison to DNS, RANS calculations have been the method
of choice in the past. Several attempts have been made to use RANS
for calculating supersonic base flows. Sahu et al. [8] were among
the first to compute the flow around an entire projectile using the
thin-layer Navier–Stokes equations and an algebraic eddy viscosity
(zero equation) model. Sahu [9] compared the results of different
RANS models and found that the pressure distribution on the base
showed a strong peak at the center, something not seen in the
experiments even though themagnitude of the average pressure over
the base was predicted within a few percent. In the hope that
neglecting compressibility effects had been the reason for failure
of earlier efforts, further studies [10,11] incorporated compressible
extensions to account for the influence of dilatational terms
[12,13] and showed some improvement over previous results.
However, they found that the eddy viscosity in the recirculation
region and theK-level in the shear layer was overpredicted, resulting
in too short a recirculation length. The aforementioned deficiencies
in the results obtained fromRANS calculationsmight be attributed to
the lack of capturing the effect of the unsteady flow structures on the
mean flow. That this is indeed the case will be shown in the present
paper.

Therefore, for the flow under consideration, LES might seem like
the method of choice because of the ability to capture three-
dimensional and unsteady flow structures and has been used for the
baseflowproblembyFureby [14], for example. In addition to several
shortcomings of the “standard”SmagorinskyLESmodel [15,16], the
resolution requirements for the wall-bounded flow region for large
Reynolds numbers are still severe.

To further reduce computational costs while still computing
unsteady flows with large coherent structures, hybrid RANS/LES
approaches have been proposed. The underlying principle is to
conduct RANS-type calculations close to walls and perform LES
away from walls to capture the dominant unsteady flow structures.
One way of implementing this approach is known as detached eddy
simulation (DES) [17] and has been applied to theUIUCexperiments
[18,19].

In the present investigation, a different approach is considered,
namely the flow simulation methodology (FSM) [20–23]. The

centerpiece of FSM is a strategy to provide a proper amount of
modeling of the subgrid scales based on the “local and time-
instantaneous physical resolution” of the calculation. This is
accomplished by employing a so-called contribution function, which
locally and instantaneously compares the smallest relevant turbulent
flow scales to the local computational grid size. The contribution
function has to be designed such that it provides no modeling if the
computation is locally well resolved so that the computation
approaches a DNS in the fine-grid limit, or provides modeling of all
scales in the coarse-grid limit and thus approaches a RANS or
unsteady RANS (URANS) calculation. In between these resolution
limits, the contribution function adjusts the necessary modeling for
the unresolved scales whereas the larger (resolved) scales are
computed as in traditional LES. However, in contrast to traditional
LES, the subgrid scales are now modeled using a two-equation
turbulence model.

The objective of this paper is to apply RANS calculations and the
FSM to transitional and turbulent supersonic baseflows. Transitional
wakes were considered for several reasons: firstly, to evaluate
whether the approach is able to represent a transitional flow in
general. Capturing the laminar-turbulent transition is a tough task for
any flow simulation strategy, as the additional dissipation from
turbulence models frequently inhibits or significantly delays the
mechanisms leading to transition. Secondly, a vast amount of data
were available from DNS [6], such that a detailed comparison
between FSM results and DNS data could be made. In particular it
will be investigated whether FSM can capture the same flow
structures and if the same dominantmodes as those found inDNS are
predicted. The dominant modes and the associated structures have
been shown strongly affect mean flow quantities, in particular the
base pressure [6,7]. It will be shown that the failure to capture the
aforementioned structures using RANS calculations might explain
the discrepancies in the mean flow quantities when compared with
DNS data or experiments. In contrast, using FSM in combination
with a state-of-the-art turbulence model and fully three-dimensional
distributions of turbulent quantities should capture the relevant
unsteady large structures. This might lead to better prediction of the
mean flow quantities in the near-wake region and, in particular, to a
more accurate determination of the base-pressure than possible with
steady RANS.

II. Governing Equations

The fluid is assumed to be an ideal gas with constant specific heat
coefficients. All quantities are made dimensionless using the flow
quantities at a reference location in the flow, here the freestream/
inflow location. The radius of the body was chosen as the reference
length. The nondimensional equations for the resolved continuity,
momentum, and the energy equations are
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with the resolved total energy being defined as ER � cv ~T � 1
2
~ui ~ui.

The resolved stress tensor and the resolved heat-flux vector are
computed as

�� ik �
2 ��

Re
� ~Sik �

1

3
~Sjj�ik�; qk �
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�� � 1�M2PrRe

@T
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(2)

respectively, where the Prandtl number is assumed to be constant at
Pr� 0:70, and � � 1:4. To close the system of equations, the
pressure is obtained from the nondimensional equation of state

�p� � �� ~T�=��M2�.
The preceding equations contain three terms that require

modeling: the subgrid stress tensor 
ik, the subgrid heat-flux vector
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Qk, and the source term� in the energy equation. For DNS, where it
is assumed that all relevant time and length scales are resolved by the

computational grid, the model terms are zero, thus �� ��� ~�. In the
other limit, where all fluctuations are averaged out, a traditional
RANS is recovered.

For modeling of the unresolved scales, turbulence models are
employed that require knowledge of the turbulent kinetic energy K
and the turbulent dissipation rate �. They are computed solving two
additional compressible transport equations [21]:
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The diffusion terms of the K- and the �-equations include the
turbulent viscosity which is given as �T � c� ��K�T with c� � 0:09.
Additional constants for the diffusion terms are 
K � 1:0 and

� � 1:3.

A. Source Terms

The source terms on the right-hand side of the transport Eqs. (1),
(3), and (4) include compressible extensions employing the models
of Sarkar [13] for the pressure dilatation and of Speziale [15] for the
turbulent mass fluxes:
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with 
� � 0:5, C�1 � 1:44, C�2 � 1:83, and C�3 � 0:001:

MT �
�������
2K

~T

r
M; ReT �

�K

�
�T (8)

To remove singularities at walls, i.e., K � 0, in the destruction
term of the �-equation, traditionally a damping function of the form

f�2�N� � 1 � exp��Re �����������
0:1K

p
N� is used. In theEASM� (described

next), this wall-damping function is the only term containing a wall
distance; the Reynolds stress model automatically accounts for near-
wall effects through the computation of �1=�T [see Eq. (13)]. To be
completely independent of the wall distance, another approach is
used for computingf�2. It is based on the assumption that the smallest
physical time-scale in a turbulent flow is theKolmogorov time-scale.
Therefore, by computing f�2 as

f�2 �
1

max�1; cT=
���������
ReT

p 	 (9)

a completely wall distance independent model is obtained. This
function contains an additional constant cT that requires calibration.

B. Turbulent Stress Tensor

For the closure of the turbulent stress tensor 
ik, two different
models were used.

1. Standard K-� Model (STKE)

The subgrid stress tensor is computed from


R
ik �
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with the wall-damping function f� � 1� exp��N�=26�, whereN�

is the wall-normal distance.

2. Explicit Algebraic Stress Model (EASM�)

The flow under investigation features physically very disparate
regions such as a boundary layer, a free shear layer subject to pressure
gradients, and a recirculation region. It is safe to say that assuming
the production to dissipation ratio to be a constant cannot hold for all
regions. For that reason, theEASM�, presented inRumsey et al. [24],
was chosen. The Reynolds stress model is based on the original
EASM by Gatski and Speziale [25] which was used for our previous
investigations [23,26]. The stress tensor is computed from
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with ~Wik � 1
2
�@ ~ui=@xk � @ ~uk=@xi�. The kinematic eddy viscosity is

given by
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The value of �1=�T is obtained by locally and instantaneously
solving the following cubic equation:�
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The needed parameters are assembled as follows:
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The constants are given as C0
1 � 3:4, C1

1 � 1:8, a1 � 0:4866,
a2 � 0:8, and a3 � 0:375. An algorithm to solve the cubic equation
is given in detail in Rumsey and Gatski [27]. Hence, the turbulent
viscosity for the most recent EASM� is computed without having to
assume a ratio of turbulent production over turbulent dissipation, in
contrast to the original EASM [25].

C. Turbulent Heat-Flux Vector

The turbulent heat-flux vector Qk is modeled according to
Speziale [15]

QR
k �� 1

��� � 1�M2

�T

PrT

@ ~T

@xk

with PrT � 0:9.

III. Flow Simulation Methodology

For the flow simulation methodology, the turbulent stress tensor is
multiplied by the contribution function f��=L�
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ik � f��=L�
R
ik (15)

For the compressible extension, the source term in the energy
equation and the turbulent heat-flux vector also have to be rescaled
with the contribution function

Qk � f��=L�QR
k and �� f��=L��R (16)

The term �� ���z2 ��r2 � �r���2�=3	1=2 is the representative
computational grid size and L is the relevant length-scale. In the
present calculations we have used a contribution function in a form
proposed by Speziale [21]

f��=Lk� � �1 � e
���

Lk�n (17)

where LK � 	3=4=�1=4 and where � and n are parameters requiring
calibration. Currently n is set to unity and � is set to a small value in
the order of O�10�3�. Other forms of the contribution function and
different choices of the length-scale are possible [22].

IV. Numerical Method

The compressible Navier–Stokes equations and the fully three-
dimensional transport equations for K and � in cylindrical coordi-
nates are solved using sixth-order accurate split compact differences
for the radial direction, fourth-order accurate split differences in the
streamwise direction, and a pseudospectral discretization in the
azimuthal direction. To preserve accuracy, the finite differences are
derived for nonequidistant computational grids. The computational
domain is shown in Fig. 1. Region 1 covers the approach boundary
layer up to the base corner and region 2 extends from the trailing edge
to the outflowboundary.A domain decomposition is employed in the
streamwise direction to perform computations on parallel computers
with the interface between region 1 and 2 always being a CPU
boundary. Communication between adjacent subdomains enables
the use of the same finite difference stencils across the CPU
boundaries as in the interior of each subdomain to maintain high-
order accuracy. Shock waves are captured properly by employing
split forward/backward finite differences, similar to the method
given in Gottlieb and Turkel [28], albeit applied to the compressible
Navier–Stokes equations. This ensures that the overall high accuracy
of the solution is maintained. A state-of-the-art axis treatment is
implemented, exploiting parity conditions [6]. For the time
advancement, a standard fourth-order Runge–Kutta scheme is
employed.

The use of a high-order numerical method for the evaluation of the
Reynolds stress tensor and the turbulence transport equations allows
for a better separation of the contribution of the turbulence model

from the truncation error of the numerical scheme than would be
possible with lower order accurate schemes. Further details on the
numerical procedure and a thorough validation are given in Sandberg
[29].

V. Results

The same code was used for both RANS and FSM calculations.
To conduct RANS calculations, the contribution function f��=Lk�
was set to unity, therefore using the subgrid quantities computed
with the specified turbulence closure in an unmodified way. When
conducting FSM calculations, the contribution function was com-
puted as specified in Eq. (17).

A. Transitional Wakes

For all transitional cases, it was assumed that the approach flow is
laminar. Therefore, the contribution function was manually set to
zero in the approach flow, such that no model was employed and the
boundary layer remained laminar. In addition,Kwas set to zero at the
inflow boundary to be consistent with the laminar approach-flow
assumption.

1. Axisymmetric RANS Calculations

Axisymmetric RANScalculationswere conducted, employing the
standard K-� model (STKE) and the generalized version of the
explicit algebraic stress model EASM� [24]. The closures were
employed using either the traditional wall-damping function
[henceforth referred to as f�2�N�], or the wall-distance independent
wall-damping function given in (9). In light of validation calculations
at moderate Reynolds numbers [29,30], the constant cT contained in
the wall-distance independent wall-damping function was set to
either cT � 4:56 or cT � 4:65. Calculations using the wall-distance
independent approach are referred to as cT � constant used. Two
separate computational grids were used. The coarse grid had 162 

90 points in the streamwise and the radial direction, respectively,
with the smallest grid spacing�rc ��zc � 0:02R at the corner. The
fine computational grid had 302 
 130 points in the streamwise and
the radial directions, respectively, and the finest spacing at the corner
of the body was �rc ��zc � 0:01R.

Figure 2 shows the streamwise centerline velocity and the radial
distributions of the pressure coefficient on the base for ReD �
6 
 104. For reference, DNS results [6] are included. All axi-
symmetric RANS calculations underpredict the recirculation length
significantly, and, consequently, also predict too low a pressure on
the base. The pressure distribution on the base also shows a
considerable radial variation, albeit with different strength for
different models. The calculation employing the STKEmodel yields
the shortest recirculation length and the lowest pressure value with
the strongest radial variation. This is most likely due to the
overprediction of the eddy viscosity in the shear layer and within the
recirculation region.

When looking at the streamwise axis-velocity distribution, the
data obtained from calculations employing the EASM� with f�2�N�,
cT � 4:56 or cT � 4:65 practically collapse onto one curve,
independent of the computational grid that was used. However, the
recirculation length is still significantly underpredicted. This is likely
caused by the large values of K close to the base and in the initial
shear layer, as the model mistakes this laminar region for a turbulent
region.

Onlywhen scrutinizing the base pressure, a difference between the
coarse and the fine computational grid becomes visible. For the fine
grid, cp is slightly larger than for the coarse grid. Nevertheless, the
data of calculations using f�2�N� or cT � 4:56 coincide for both
grids.Overall, the values found for cT with calibration calculations of
turbulent boundary layers appear to be transferrable to the base flow
case. It is noteworthy that, for the wake, the global solution is less
sensitive to the value of cT than for the turbulent boundary layer.

Overall, the EASM� appears to be the better-suited model for the
flow under consideration, showing a recirculation length and a base
pressure closest to the DNS results, due to appropriately reduced

outflow
boundary

inflow
boundary

Fig. 1 Computational domain.
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levels of turbulent production. Nevertheless, even the most
successful RANS calculation is far from reproducing the physically
correct flat base pressure distribution and streamwise axis-velocity
distribution of the DNS. It is therefore suggested that to correctly
predict supersonic base flows, the unsteady structures need to be
included in the simulations.

2. 3-D FSM Calculations

For the FSM calculations, only the EASM� was employed as it
produced superior axisymmetric RANS results. As has previously
been shown [23,26], the FSM obtains similar results independent of
the turbulence closure used. Nevertheless, it is expected that a better
closure can help reduce computational costs even further and yield
reasonable results for coarser computational grids. As initial
condition for the FSM calculations, the axisymmetric RANS data
was used and the desired number of azimuthal Fourier modes was
added, initialized to zero. The flow was then initially pulsed in the
higher Fourier modes of density to achieve faster development of
three-dimensionality. From the experience with a lower Reynolds
number transitional wake [23,26] and following the suggestion by
Speziale [20], the value of the constant � in the contribution function
(17) was initially set to �� 2 
 10�3 and then varied.

Figures 3a–3d show sideviews of instantaneous vorticity
magnitude for FSM calculations on both computational grids with
different values of � compared with DNS data. The DNS calculation
displays a broad range of scales. For the FSM calculation on the fine
grid and the FSMusing the coarse grid with�� 2 
 10�4, the small-
scale structures vanish and only some large-scale structures (on the
order of the shear layer thickness) are resolved on the respective
computational grid. The values of the time-averaged contribution
functions of these two cases are shown in Fig. 4a and 4b for the plane
�� 0 deg. Clearly, the largest contribution of the turbulence model
is provided in the shear layer, reaching values of up to 5%
downstream of recompression. The very low value of f��=LK�
within the recirculation region and the initial shear layer allows for
the formation of structures.

Increasing � to 1 
 10�3 on the coarse grid leads to much higher
values of the contribution function, as can be seen in Fig. 4c. The
distribution of f��=LK� is very similar to the other cases; however,
the absolute values are significantly larger, with a maximum of
f��=LK�> 10% downstream of recompression. This results in the
complete removal of structures, as can be seen in Fig. 3d, and only a

flapping motion of the flow remains, implying that the calculation
approaches the URANS-limit of the FSM strategy.

The preceding results show that similar shapes and values of the
contribution function can be obtained with either very coarse grids,
using a small value of �, or using finer grids with larger values of �.
For a more quantitative evaluation of the performance of the FSM on
different computational grids and varying �, the time-averaged
streamwise velocity along the axis of symmetry and the time-
averaged pressure coefficient on the base are examined.

First, the results obtained on a fixed computational grid with
varying � are shown in Fig. 5. The DNS data and the axisymmetric
RANS calculation used as initial condition are included for
reference. In contrast to the axisymmetric RANS calculations, the
pressure distribution obtained by all FSMcomputations is practically
flat, with the magnitude close to the value predicted with DNS. That
even FSM calculations with kmax � 4 predict a flat base pressure
confirms that this observation can be attributed to the unsteadiness
caused by azimuthal modes with low wavenumbers [6]. The best
agreement between an FSM calculation and DNS is achieved by
setting �� 1 
 10�3 or �� 2 
 10�3. For smaller values of �, the
predicted recirculation region is too long. Keeping � constant at
4 
 10�3 and increasing the number of azimuthal Fourier modes,
kmax, from 4 to 8 on the coarse computational grid only marginally
affects the solution. However, when using kmax � 16 with the same
computational grid and �� 4 
 10�3, the recirculation length is
overpredicted, and, as a consequence, so is the base pressure. In fact,
the results resemble the data obtained with four azimuthal Fourier
modes using �� 2 
 10�4. Increasing the resolution, here the
number of Fourier modes, has the same effect as decreasing �: it
leads to smaller values of the contribution function. Consequently, a
larger amount of structures has to be resolved by the grid to reproduce
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a physically correct flow field. The streamwise/radial grid, however,
apparently is too coarse to capture all relevant structures that are not
accounted for by the proper amount of turbulence model. In other
words, the contribution from the turbulence model is too small to
dissipate the scales that cannot be resolved on the computational grid.

This can be confirmed by looking at the time-averaged radial
amplitude distributions of the azimuthal Fourier modes obtained
from the FSM calculation on the coarse grid, using too small a value
of� shown in Fig. 6. The azimuthal Fourier modes of the streamwise
velocity component are chosen as they containmost of the energy. At
the upstream location, as a result of the small values of the
contribution function in this region, the magnitudes of all modes
correspond roughly to those found inDNS (shown on top). However,
mode k� 4 is significantly larger in the FSM case. At the
downstream location z� 7, the fourth mode even shows the largest

magnitude of all Fourier modes, an indication that an accumulation
of energy in the highest azimuthal mode of the calculation occurs.
The energy accumulation reveals the lack of resolution or,
alternatively, too little model contribution. In general, at z� 7, the
amplitudes of all modes are strongly reduced versus the DNS case,
due to the larger value of the contribution function in this region with
larger grid-spacing. Nevertheless, even though the computation was
underresolved and the turbulence model contribution was
insufficient, the mode shapes show reasonable agreement with the
DNS results.

To avoid the aforementioned deficiency of the FSM approach, the
grid was refined in order for the calculation to resolve the important
scales on the computational grid when they are not removed by the
model. Because the resolution in the streamwise direction was
significantly coarser than in the DNS and because high-order
accurate compact stencils are employed in the radial direction with
just 40 points less than in theDNS, it was decided to only increase the
streamwise resolution to 392 points with�zc � 0:01R at the corner
(corresponding to the corner resolution of theDNS). The streamwise/
radial grid resolution, now not much coarser than for the DNS, in
combination with a larger number of Fourier modes approaches the
requirements of “traditional” LES, such as Smagorinsky-type LES.

Figure 7 shows the time-averaged streamwise velocity component
for r� 0 and the averaged pressure coefficient on the base, obtained
from FSM calculations on the fine grid for various � and different
numbers of azimuthal Fourier modes. Choosing �� 1 
 10�3, the
recirculation length and the base pressure are slightly overpredicted.
However, unlike for the coarse grid case, increasing the number of
azimuthal Fourier modes from 16 to 32, the samemean base pressure
profile is obtained and the streamwise axis-velocity distribution
changes only marginally. It also appears as if the dependence of the
solution on the constant � is not as strong as for the FSM calculation
on the coarser grid. When increasing the value of � to 4 
 10�3, the
results are only slightly changed from the cases using �� 1 
 10�3

and the best agreement with the DNS results is achieved. Again,
when increasing the number of azimuthal Fourier modes from 8 to
either 16, or even to 32, the solutions continue to agree well with the
DNS results. This implies that the model contribution provided by
f��=LK� corresponds to what is required for a particular resolution,
i.e., the FSM is successful in removing the appropriate amount of
energy that cannot be resolved on the respective grid. However, it
seems as if this behavior can only be observed if the resolution in
none of the spatial directions is overly coarse, .i.e., the gradients of
energetic structures cannot be represented. It should also be noted
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Fig. 4 Time-averaged contribution function f��=LK� for FSM;
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that the value of � which leads to the best agreement with the DNS
data is similar to the value that resulted in the best match for lower
Reynolds number cases [23,26].

For a more detailed comparison of an FSM calculation on the fine
grid with DNS data, the time-averaged radial mode shapes of the
streamwise velocity component are shown in Fig. 8. The
computation on the fine grid using 32 azimuthal Fourier modes
with�� 1 
 10�3 was selected, as the contribution function showed
values f��=LK�< 5% for the entire computational domain,
justifying a classification as (nontraditional) LES. In contrast to the
data from the underresolved calculation shown in Fig. 6, bottom, the
ratio between the energy of higher azimuthal modes to the first mode
is similar to that found for the DNS (Fig. 6, top). In fact, the
amplitudes of the higher modes possess smaller values relative to the
first mode than in the DNS calculation. As the mode shapes are only
shown for the resolved quantities, this implies that the remaining
energy of the higher azimuthal modes is provided by the turbulence
model, scaled appropriately with the contribution function. The
amplitude distributions of most modes agree reasonably well with
themode shapes foundwithDNS.Merely the first mode, k� 1, does
not compare well with the DNS data.

To assess whether the FSM succeeds in producing the same kind
of coherent structures as those found in the DNS, a vortex-
identification method is employed. The Q-criterion is named after

the second invariant of the gradient of the velocity vector and
for compressible flows is computed as Q� 0:5��@ui=@xi�2 �
WikWik � SikSik	. Instantaneous isocontours of Q� 0:1 for the
calculation using the fine grid with 32 azimuthal Fourier modes and
�� 1 
 10�3 are shown in Fig. 9.Qualitatively, similarflow features
can be observed as in theDNS, i.e., helical structureswithin the shear
layer, encircling longitudinal structures within the recirculation
region.Also, the same type of streamwise structures are present in the
trailing wake. However, due to the larger values of the contribution
function in this region, and, consequently, an increased amount of
turbulence viscosity, a considerably smaller number of small-scale
structures appears in the FSM calculation. Nevertheless, considering
the good agreement of the mean flow results with the DNS, these
small scales seem to be represented reasonablywell by the turbulence
model.

Overall, the results obtained with the FSM in the URANS-limit
show reasonable agreement with the data from the DNS calculation.
This is particularly remarkable, considering the drastic savings in
computational cost due to the dramatically decreased temporal and
spatial resolution requirements as shown in Table 1. Even the
computational cost of FSM calculations conducted using the fine
grid, which are successful in predicting the same kind of coherent
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Fig. 9 Instantaneous isocontours of Q� 0:1 for DNS (top) and FSM

calculation on fine grid, kmax � 32 and �� 1 � 10�3 (bottom),

perspective view from inflow towards outflow; ReD � 6 � 104,
M� 2:46.
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structures as observed in the DNS and show better agreement in
mean quantities, is still considerably lower than for DNS (c.f.,
Table 1).

To show that the contribution functionf��=LK�not only provides
the adequate amount of turbulence modeling for varying grid-
resolutions (see Figs. 5 and 7), but alsowhen the Reynolds number is
changed, several FSM calculations were conducted for
ReD � 1 
 105. This was the highest Reynolds number for which
DNS data was available [6]. The setup of the FSM calculations
follows the FSM calculations of the ReD � 6 
 104 cases on the
coarse grid. It has been shown that at this Reynolds number
azimuthal modes up to k� 16 contain a considerable amount of
energy [6]. Hence, FSM calculations with kmax � 16 were
conducted. The time-averaged pressure coefficient and streamwise
axis-velocity are shown in Fig. 10. As for the FSM calculations at
lower Reynolds numbers, best agreement with the DNS data is
achieved when choosing �� 2 
 10�3 or �� 4 
 10�3. An entirely
flat pressure distribution on the base is predicted with the correct
mean value and the recirculation length agrees very well with that
obtained using DNS. The reduction in computational time for this
case is evenmore dramatic than for the lower Reynolds number case,
as the DNS calculation required an increased number of grid points
and, consequently, smaller time steps. Because the FSM calculations
were conducted on the same computational grids as that used for the
ReD � 6 
 104 case, the computational cost did not increase and is
listed in the fourth row of Table 1. The preceding results illustrate,
that on a given computational grid, the contribution function, using

the same values of �, successfully provides the appropriate amount
of turbulence modeling for varying Reynolds numbers.

B. High Reynolds Number Wakes

So far, FSM was shown to reproduce DNS results of transitional
axisymmetric wakes with reasonable accuracy at significantly lower
computational cost. However, most applications that involve base
flows, such as projectiles or coasting missiles, are subject to
considerably higher Reynolds numbers. Experimental results of
high Reynolds number wakes (ReD � 3:3 
 106) at M� 2:46 by
Dutton and coworkers at UIUC will be used for reference and are
denoted as “UIUC case” in the following. The flow investigated in
the experiments is fully turbulent, i.e., a turbulent approach flow
separates at the base corner and the shear layer that forms
immediately downstream of the base also is turbulent.

To significantly reduce the computational cost of the simulations,
the following setup was applied to all calculations: a precursor
RANS calculation of the approach boundary layer was conducted
with �r� � 0:8 that showed very good agreement with the experi-
mental data [30]. The approach boundary layer data was interpolated
onto the (coarser) radial grid of the full base flow calculation and
fixed, i.e., the approach flow remained unchanged throughout the
simulations.

This approach is considerably different from what other
researchers have attempted, such as full LES of the inflow [14].
However, the concept is not unlike the procedure inherent in theDES
approach, where the wall-bounded flow region is represented by a
steady RANS solution [18,19]. Several aspects appear to justify this
procedure for the present case: the approach boundary layer is thin
relative to the radius of the base (�c � 0:1), thereby most likely not
introducing significant (low frequency) unsteadiness into the initial
shear layer. Furthermore, with the flow being supersonic and an
expansion wave forming at separation, no significant feedback from
the recirculation region with the approach flow is expected. This is
supported by pressure measurements in the approach boundary layer
which showed that no upstream influence from the base corner
separation was evident in the data [3].

1. Axisymmetric RANS Calculations

Axisymmetric RANS calculations of the UIUC case were
performed to evaluate their performance for a fully turbulent base
flow and serving as initial conditions for FSM computations. Several
computational grids were used for the RANS calculations to
determine the grid dependence of the turbulence closure. The
coarsest grid had 210 points in the radial direction and 256 points in
the streamwise direction, with the smallest grid spacing at the base
corner being�rc ��zc � 5 
 10�3. The finest grid used contained
350 and 512 points in the radial and the streamwise directions,
respectively, with �rc ��zc � 4 
 10�4.

For all calculations employing the EASM�, the wall-distance
independent version with cT � 4:45 was used [30]. For reference,
axisymmetric RANS calculations employing the STKE model were
conducted. Figure 11 shows the streamwise axis-velocity and the
radial distributions of the pressure coefficient cp on the base obtained
from several axisymmetric RANS calculations. The data from the
experiments conducted at UIUC are included for comparison. Only
results from calculations using the coarse grid are presented, as they
showed no difference from the calculations performed on the fine
grid, implying that the grid resolution was adequate. Consistent with
all previous axisymmetric results, the base pressure distribution
displays a significant radial variation, which is not present in the
experimental data. It can be observed that the calculations employing
the EASM� overpredict the recirculation length significantly,
resulting in too high a pressure at the base.When the STKE closure is
used, the recirculation length is slightly shorter; however, the base
pressure is underpredicted.

The calculations were repeated omitting the compressible
extensions (c.e.) added to the source terms�R,�K , and��, which
reduce the turbulence production, and it can be seen in Fig. 11
(bottom) that the recirculation length is reduced. In fact, the STKE

Table 1 Comparison of computational cost per flow-through-time

(t � t0 � 12) on HP Alpha of FSM using the coarse computational

grid (FSMc), FSM conducted on the fine grid (FSMf) and DNS

calculations; ReD � 6 � 104,M� 2:46

Case nz nr kmax dt CPU hours

DNS 812 130 128 1 
 10�3 759.6a

FSMc 194 90 4 2:6 
 10�3 1.93
FSMc 194 90 8 2:6 
 10�3 3.98
FSMc 194 90 16 2:6 
 10�3 8.76
FSMf 392 90 8 2:6 
 10�3 10.27
FSMf 392 90 16 2:6 
 10�3 21.67
FSMf 392 90 32 1:5 
 10�3 76.1

aComputed on SGI Origin 3900, equivalent time on HP Alpha was obtained by dividing
the actual CPU hours by five.
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model solution shows quite good agreement with the experiment in
terms of recirculation length. However, the reverse flowmaximum is
too large and the base pressure is underpredicted even more strongly
thanwhen including c.e. The solution obtainedwith theEASM� also
shows a reduction in the recirculation length and a decrease in mean
base pressure when omitting the c.e., albeit the effect is not as
pronounced as when the STKE model is used.

To get a more complete picture of the solutions predicted with the
axisymmetric RANS calculations, radial profiles of the streamwise
and radial velocity components,K and the dominant Reynolds shear-
stress component hu0v0i are shown in Fig. 12 for two streamwise
locations at which experimental data was available. At the
streamwise location closest to the base, z� 0:078, the velocity
profiles obtained numerically show reasonable agreement with the
experimental data. However, themaximumK value in the shear layer
is underpredicted by all turbulence closures, most severely when
using the EASM�. In addition, the EASM� also predicts too low
values of K within the recirculation region. The distribution of the
Reynolds shear stress hu0v0i is predicted reasonably well; however,
themeasured peak value in the shear layer is not reached by any of the
RANS calculations. At the mean reattachment point z� 2:67,
reverse flow is predicted at the axis with all turbulent closures due to
the overprediction of the recirculation length, shown in Fig. 12,
except when using the STKE omitting the c.e. The EASM�

significantly underpredicts K, regardless of wether the c.e. are used
or not. In contrast, the level ofK has increased to values comparable
to the experimental data when employing the STKEmodel including
the c.e. K is even considerably overpredicted when neglecting the
compressibility modifications. Reasonable agreement with the
experiments in terms of the Reynolds shear stress is also found when
using the turbulence closures without c.e. The preceding observa-
tions lead to the conclusion that the K level at the inflow might not
be sufficiently large. For that reason, the value of K was rescaled
by a factor of 6 to correspond with the data by Dutton and coworkers
at the streamwise position z� 0:078. A separate boundary layer
calculation was conducted prescribing this new value of K and
epsilon was left to adjust in order to satisfy the transport equations (a
slight change in the velocity components was unavoidable). The
authors recognize that such a rescaling is certainly not desired for the
calculation of practical flows, in particular when considering RANS
and FSM as predictive methods. However, here it serves the purpose
of demonstrating the importance of the inflow conditions on the
entire solution and still permits comparison between various

calculations using the same inflow conditions. Axisymmetric RANS
calculations, employing both theEASM� and the STKEmodel, were
repeated using the changed inflow.

In addition to the modified approach-flow conditions, the effect
of altering several coefficients in the turbulence closures were
investigated. Papp et al. [31] recognized that the EASM� was
calibrated for homogeneous turbulent wall-bounded flows, leading
to an underprediction of mixing rates in shear layers. They there-
fore made an attempt to recalibrate the EASM� for high Reynolds
number jet flows and determined that an increase of a1 from
0.4866 to 0.5416 had the desired effect of increasing the turbu-
lence levels in the shear layer without adversely affecting the
pressure-strain rate correlation. In addition, C�1 � 1:43 and
C�2 � 1:92 were used as they were specifically calibrated for
high Reynolds number jet flows [32]. The similarities between the
base flow and jets, such as a mean streamwise velocity profile
featuring two inflection points might suggest that the coefficients
calibrated for jets might also be applicable to base flows.
Calculations employing this new set of constants are denoted by
“Papp” in the following.

Results obtained from the axisymmetric RANS calculations
investigating the influence of various coefficients in the turbulence
closures and using rescaled inflow values for K and � are presented
in Fig. 13. The calculation employing the EASM� with the origi-
nal coefficients and using c.e. is the only case that was also conducted
for the original inflow conditions, presented in Fig. 11. The effect
of the significantly increased levels of K and � in the approach flow
is a drastic decrease in recirculation length and, consequently, base
pressure. When the coefficients in the EASM� closure are changed
to the values suggested by Papp et al. [31], the recirculation length
is further decreased and the mean reattachment point corre-
sponds well with the experimental data when the c.e. are included.
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Fig. 11 Base pressure coefficient (top) and streamwise axis velocity

(bottom) obtained from axisymmetric RANS calculations; UIUC case

(■), STKE using c.e. (solid curve), STKE omitting c.e. (dashed curve),
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The base pressure, however, is also further decreased and therefore
underpredicts the reference data even more strongly, in particular
when the compressibility extensions are not included. All cal-
culations that were conducted with the STKE model underpredicted
both the recirculation length and the base pressure significantly,
especially when choosing C�1 � 1:43 and C�2 � 1:92.

Radial profiles of the streamwise and radial velocity components,
K and hu0v0i, are shown for the cases with the modified inflow in
Fig. 14. Three streamwise locations are selected, one immediately
downstream of separation, one within the recirculation region, and
one at the mean reattachment point in the experiments. At the
streamwise location closest to the base, z� 0:078, the velocity
profiles obtained numerically show good agreement with the
experimental data. In contrast to the results discussed earlier, the
distribution of K corresponds well with the experimental data when
using theEASM�. The STKE closure overpredictsK at this location.
The Reynolds shear stress obtained from all RANS calculations
shows good agreement with the experimental data. When looking at
the profiles obtained within the recirculation region, at z� 1:26, it
can be observed that the STKE model severely overpredicts K and
the Reynolds shear stress. Quite good agreement with the
experimental data is found for the turbulence quantities when
employing theEASM� with themodification according to Papp et al.
[31]. Using the original coefficients for the EASM�, both K and
hu0v0i are underpredicted. The converse, however, is the case for
locations farther downstream. At the location z� 2:67, best
agreement with the experimental data for the turbulence quantities is
found when using the EASM� with the original coefficients. The
recalibrated EASM� overpredicts both K and hu0v0i at the mean
reattachment point. At the latter location, the STKE model
considerably overpredicts the maxima of both K and hu0v0i.

Overall, choosing c�1 � 1:43 and c�2 � 1:92 and using the
modifications to theEASM� suggested by Papp et al. [31] leads to an
increase in K and the Reynolds shear stress, causing a decrease in
recirculation length and base pressure. Conversely, incorporating c.
e. results in decreased values of K and hu0v0i and, consequently, an
increase in recirculation length and base pressure. The inflow values
for the turbulent quantities K and � are shown to play a significant
role in the global solution. Larger values of K and � at the inflow
produce a smaller base pressure and a reduced recirculation length. In

general, the EASM� appears to produce more accurate distributions
of turbulence quantities and a flatter base pressure distribution.
However, none of the RANS calculations is able to reproduce the
UIUC results accurately, implying that it is essential to capture the
unsteady dynamics of the large-scale structures, as was already
demonstrated for the transitional cases.

2. 3-D FSM Calculations

Considering the results obtained from the axisymmetric RANS
calculations, all FSM calculations of the UIUC case were conducted
employing the EASM� using compressible extensions and
coefficients according to Papp et al. [31]. The axisymmetric RANS
data was used as initial condition and the desired number of
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Fig. 13 Base pressure coefficient (top) and streamwise axis velocity

(bottom) obtained from axisymmetric RANS calculations with modified
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(dotted curve); STKEusing c.e. andC�1 � 1:43,C�2 � 1:92 (solid curve);
STKE omitting c.e. and C�1 � 1:43,C�2 � 1:92 (dashed curve);EASM�

using c.e. and original coefficients (+);EASM� using c.e. and coefficients

according to Papp et al. [31] (○); EASM� omitting c.e. and coefficients

according to Papp et al. (◇); ReD � 3:3 � 106, M� 2:46.
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azimuthal Fourier modes was added. Initially, the same constant �
was employed as for all transitional cases. However, even with the
finest grid resolution used in the r–z-plane and up to 32 azimuthal
Fourier modes, the contribution function was on the order of 40%.
Such a large amount of model contribution did not permit the
formation of structures. Thus, to reduce the magnitude of the
contribution function sufficiently to allow for the generation and
evolution of structures in the flow, a significantly finer grid would
have been required leading to very high computational cost with the
currently used explicit time integration. Instead, � was decreased to
values of the order ofO�10�4�. This resulted in f��=LK�< 10% in
the initial shear layer and within the recirculation region, and
increasing values in the trailing wake due to the strong streamwise
stretching of the grid. However, it would be desirable to repeat the
simulations with considerably increased grid resolution to achieve
f��=LK�< 10% in the initial shear layer andwithin the recirculation
region employing the same values of � as for the transitional cases.
The required resolution can be determined a priori onceLK is known
from an axisymmetric RANS.

FSM calculations were conducted on the coarse grid presented for
the axisymmetric RANS calculations and on a grid composed of the
same radial distribution as the coarse grid, but with a refined grid in
the streamwise direction. In the experiments conducted at UIUC,
longitudinal structures were observed within the shear layer. To
capture streamwise structures within the initial shear layer, it was
determined that at least 16 azimuthal Fourier modes were required.
Therefore, the FSM calculations were exclusively conducted with
kmax � 16.

A time sequence of instantaneous isocontours of Q� 0:5,
obtained from the FSM calculation using the refined grid, and 16
azimuthal Fourier modes are presented in Fig. 15. The time
difference between each consecutive time level is �t� 1, which
corresponds to freestream fluid traveling one base-radius down-
stream. Helical structures in the shear layer can clearly be identified
which travel downstream (see, e.g., structures marked with “A” or
“C”). The high-wavenumber variation of the helical structures most
likely is caused by streamwise structures in the shear layer, as
observed in endviews of the experimental data and DNS data at
ReD � 1 
 105 [6]. As in the transitional cases, streamwise
structures are present within the recirculation region and extend into
the developing wake. The structures vanish downstream of the mean
reattachment point due to the large contribution of the turbulence
model. A distinction from the transitional cases is the formation of
hairpin vortices, as marked with “B,” upstream of the recompression
region. Thesemight be generated by secondary instabilities affecting
the initial helical structures in the shear layer. Alternatively, they
could be produced by fluid forming streamwise structures when
passing the chevronlike structure of the inner shear layer [7].

To evaluate whether the FSM calculations are capable of
reproducing the mean flow data available from the experiments, the
base pressure distribution and the streamwise axis-velocity are
presented in Fig. 16. As opposed to the RANS solution, shown for
comparison, cp obtained from the FSM calculations show good
agreement with the experimental curve, in particular considering the
radial distribution. The mean pressure value depends on the grid
resolution of the respective calculation. Both calculations employing
kmax � 16 show the smallest deviation from the experimental data.
For the calculation on the fine grid, using 32 azimuthal Fourier
modes, the pressure value is slightly underpredicted. In spite of the
good results obtained for the pressure distribution, all FSM
calculation overpredict the recirculation length by approximately 0.7
radii. Several reasons for this behavior are suggested: first, the values
ofK and � in the (fixed) approach flowmight not correspond to those
present in the experiments. It was shown with the preceding
axisymmetric RANS calculations that the magnitudes of the
turbulent quantities at the inflow have a pronounced effect on the
global solution, in particular on the recirculation length. Second, a
very small value of � was chosen for a grid that most likely was too
coarse to resolve the relevant length scales (see discussion of
transitional cases). Third, a steady approach boundary layer is
prescribed, and, therefore, the generation of unsteadiness is delayed,

Fig. 15 Instantaneous isocontours of Q� 0:5 for FSM calculation

using kmax � 16 and �� 1 � 10�4, perspective side views with flow from

left to right, base of body shaded dark gray;ReD � 3:3 � 106,M� 2:46.
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Fig. 16 Time-averaged pressure coefficient on base (top) and

streamwise velocity along axis of symmetry (bottom) obtained from

FSM calculations; UIUC case (■), axisymmetric RANS calculation
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FSM with 512 streamwise points, �� 1 � 10�4 and kmax � 32 (○);

ReD � 3:3 � 106, M� 2:46.
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i.e., the flow must “transition” from a steady to an unsteady state
downstream of the base. The shallow slopes of the streamwise axis-
velocity profiles might be an indication that this is indeed the case.
The slopes resemble those found for all transitional cases from both
DNS and FSM calculations. In the fully turbulent UIUC case, the
slope at the base-wall is considerably steeper. All axisymmetric
RANS calculations produce an even larger slope, presumably
because turbulence production is overpredicted in this region.

VI. Summary

Axisymmetric RANS and three-dimensional FSM calculations
were conducted of transitional and fully turbulent supersonic base
flows. In all cases, axisymmetric RANS calculations failed to
accurately reproduce the DNS or experimental data, indicating that
relevant physical mechanisms could not be captured. A strong radial
variation of the base pressure was predicted by all closures, and, for
most cases, the recirculation length was underpredicted. Overall, the
EASM� appears to be the best closure of the ones considered for the
calculation of supersonic base flows. It was demonstrated that the
values of the turbulent quantities K and � at the inflow have a strong
impact on the global RANS solution, with larger levels of K leading
to a smaller base pressure and a decreased recirculation length.
Compressible extensions were shown to decrease the turbulence
levels in the shear layer, whereas the choice of model coefficients
suggested by Papp et al. [31] increased turbulence levels.

For all transitional cases, FSM is capable of reproducing the DNS
data with reasonable accuracy at a fraction of the computational cost.
The optimal value of the parameter in the contribution function
appears to be 1 
 10�3 � � � 4 
 10�3 for all transitional Reynolds
numbers. For a constant value of �, the grid resolution in the
azimuthal direction can be significantly increased, maintaining the
same correct solution. This implies that the FSM strategy
successfully removes the appropriate amount of energy from the
calculations that cannot be resolved on the respective grid. FSM
calculations with only four azimuthal Fourier modes confirmed that
the low wavenumber modes are responsible for a flat base pressure
distribution.

It was shown that the FSM approach is not derived for a specific
turbulence model but is a general strategy for solving unsteady,
three-dimensional flows. FSM appears to sufficiently scale down the
model contribution in the relevant regions so as not to inhibit the
physical instability mechanisms responsible for the generation of
large structures. The same kind of structures in the flowfield are
predicted by FSM calculations as by DNS, i.e., mainly helical
structures in the shear layer and streamwise structures within the
recirculations region and in the trailing wake.

FSM calculations of a fully turbulent case show good agreement
with the UIUC experiments in terms of the base pressure.
Nevertheless, the recirculation length is overpredicted, most likely
due to the use of a steady approach boundary layer and the values of
K and � not corresponding to those present in the experiments. Note
also that to limit computational cost the value of � was chosen an
order of magnitude smaller than for the transitional cases to allow for
the generation of large-scale structures. However, the authors believe
that 1 
 10�3 � � � 4 
 10�3 is also appropriate for the high
Reynolds number if the grid resolution is increased such that the
contribution function f��=LK�< 10% in the relevant regions.

The simulations at high Reynolds number revealed structures
similar to those found in DNS of transitional wakes [7]: helical
structures in the shear layer with a strong azimuthal modulation
caused by higher azimuthal modes, and a significant number of
streamwise structures within the recirculation region. In addition, the
formation of hairpin vortices upstream of the recompression region
was detected.
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